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FFAG (Fixed Field Alternating Gradient)
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Cyclotron Synchrotron

FFAG

unless otherwise specified ~ FFAG synchrotron
FFAG cyclotron
FFAG betatron



Characteristics of Circular Accelerators

Cyclotron
Revolution time Constant
Orbit radius Variable
Transverse
focusing Variable
( betatron tune )
B field during _
static

acceleration

scaling FFAG
Synchrotron
( synchrotron)
Variable Variable
( except ultra ( expect special
relativistic ) condition )
Constant Variable
Constant Constant
dynamic static

Cf FFAG Optics and Dynamics .FFAG School, Fukuoka, Japan September 2015, Dr. Suzie Sheehy, University of Oxford and ASTeC/STFC/RAL
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accelerating time

Cyclotron

*1sochronous

Vs

accelerating time

Synchrotron
*const. closed orbit

(varying mag. field)

FFAG

*varying closed orbit

(const. mag. field)



Suitable for mass transport,
but not for high floor
Cyclotron

Rapid operated elevator
FFAG

Suitable for high floor, |
but not mass transport =gy
Synchrotron
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What's FFAG?

. FFAG ( Fixed Field Alternating-Gradient ) :scheme of transverse beam focusing.

. B field is constant in time.

. B field provides focusing force in both horizontal and vertical directions.

. B field configuration is arranged so that the beam experiences alternating gradient.
. Consequently, the beam gets strong focusing force in both horizontal and vertical.

. The chromaticity is “zero”.

. High energy and high intensity can be realized at the same time.

. The concept was proposed by Tihiro Ohkawa (Japan), Andrei Kolomenskij ( CCCP )

and Keith Simon ( USA ) independently in mid 1950s.

. Proof of principle machines were built at MURA ( Midwestern University Research

Association ), which is predecessor of Fermi Lab.

10. It was not practically used for a long time because of hardware difficulties.

11.Yoshiharu Mori and his group has overcome them. The path of practical use has been

opened.



keywords

high energy
( relativistic region)

secondary particle production in storage mode



radial sector

HIGH (ORLOW ) ENERGY
LA ORBIT

NEGATIVE
A_ FIELD

CENTER OF
MACHINE

negative k: the orbit go inner during acceleration



Spiral sector KURNS lon-beta
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Kolomenskij two beam FFAG ( Synchro crash )

Beams : the same charge
opposite directions \v Machine



OUTLINE

Motion of changed particles in uniform magnetic filed.
What is the betatron tune.

Tranfere matrix.

Stability criteria.

Strong focusing and FFAG



Motion of changed particles
In uniform magnetic filed.






unit vectors

Frenet - Serret Coordinate System

f@u S|

~

~

(S) = tangential 7 reference orbit
(s) = mnormal
(s) = binormalj
- o — "N Position of a particle can be
roo= TO(S) + ZETL(S) T yb(S) determined by using the
coordinate system on a curve
d,,:’ . so-called reference orbit in the
_O — { accelerator.
ds
dt n dn - 1 db
—=——  —=7b+- D= _f
ds p  ds P ds



Equation of motion

| 1 0B,

X I_plepaZE

1 OB
// Y
=0
4 Bp ox °

r =0

will be derived in “appendix”

In order to solve these equations, we want to know function B.

In this case, we only need to know the derivative of By w.r.t. radial
direction in the mid-plane (z = 0) and on the reference orbit (r = p).

Vertical focus needs this kind of shape

L ‘y 0B
((CCT1Im) & e B ="
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Cyclotron

NS

—. Lawrence

4” proof of principle
machine
accelerated
hydrogen molecule
~ up to 80 keV
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y 1 1 0By| , 1 0By, dB, p
x+[p2+Bp8x]x_O Yy By 5’:1:y_0 5 BO——n
/1 1
T (1 —n)z =0
P
T
7
Yy + =y=0
Iy

These are well known equations of the harmonic oscillator,

Condition for stable solutions in both x and y.

D<n<l
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Betatron tune



Solution for the vertical direction.

y(s) = Ccos (\/755 + ¢o)

This oscillation is called "betatron oscillation”.
The phase advance during one turn divided by 2m is called v,
“betatron tune” , or simply “tune” .

C cos (g%rp + @)

= (' cos (2mvy, + ¢o)

y(sg + 2mp) =

n = 0.16
0.4

y Vy

§=27T0 k
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Tune Is one of the most
Important parameter in
the accelerator.



For horizontal similarly

1(s) = ccos(\/lp_ ™ o+ o)

v(sg +2mp) = Ccos | v ,0— n27rp + ¢o)

C'cos (2, + @)
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v, =+vV1—n
vy = VN

DO<n<l



Appendix

2
Relativistic Lagrangian L = —mc? \/ 1 — U_Q
C
2
with EM filed L = _mCQ\/1 Uz e+ eA - T
C
Hamiltonian S
H = C\/(ﬁ— eA)? +m?c? + ed

Hamiltonian in the accelerator coordinate system

~

H($7y7 Sy, Pz Py _H7 S)

N[

1
= — (1 + hx) c_2(H — egb)z — m?c® — (P — eAgE)2 — (py — eAy)2 —eA
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Linear motion in the ring

Hamiltonian

1
2

f{ — _(1 T hil?) [(H _2€¢)2 o mQCQ — (pa? — 61439)2 o (py - eAy)Ql _ GAS

C

1
h==
0

Consider only magnetic field with no time dependence, no electric field.

1
2

— (pz — eA:,g)2 — (py — eAy)2] — eA,

H = —(1 + hx) p° — (pr — eAy)” — (py — eAy)?]|? — eA,

N

H = —(1+ ha) [p3(1+6) — (p= — eAz)® — (py — eAy)?]? — €A,

Only for on-momentum particle. 5 =0

H = —(1 + hx) [pg — (pz — eAx)2 — (py — eAy)ﬂ 2 _eA,

24



Field component in the beam axis is O i.e. Bs=0. Then one can set as Ax=0,Ay=0

H = —(1+ ha) [p§ — p2 — pi]* — €A,

g p p eA
E — H i —> jor 7Y — py S
Po Po Po Do

— Qg

H:—(l—khaj)\/l—p:%—pg—as

Applying paraxial approximation, and neglecting higher order terms from p.hz,p,hx

— (1 + hZU)CLg

25



Vector potentialAs can be expanded as

A = B, (x_ 2<1hj2h$)> _ g <%(x2—y2)+---> Gy

where Boand B; are multipole components on the mid-plane.

2

X X
By(ZU,O,S) :BQ—FBli—FBQE—l—

B.(z,0,s) =0, By(x,0,5) =0

cf C.J. Gardner, Particle Accelerators, 1991, Vol. 35 pp. 215 - 226

20



Hamiltonian becomes

1 2 1 2
H ~ 5Pz T 5Py — (14 hz)(1 4+ a3)
By .
Then we use By h and pick terms of x and y up to 2nd order.
1 1 1 B4
Hiw = =p2 + =p2 + —h2g2 2 2
lin = 5Pz T 5Py + 5 x+23p( y°)
Equation of motion
/ 8H11n ;. 8[{lim
€T — y T
0P apy
— Pz — Py
/ _ _6Hlin / _ _8H1in
B
= —hPzx— "tz _ &y

Bp By

27




summary of appendix

Hamiltonian in an accelerator

N[

5 o2
H=—(1+ hx) (H C;(b) —m?c® — (py — eAy)? — (py, — eAy)?| —eA,

linear approximation

\ 4

e ta e s, B s s

canonical equation
A\
Hill's equation
B B

7 2 | P11 _ n_ 2L = 0

x + (h + Bp> x 0 Y pr
"+ Ka(s)z = O y' + Ky(s)y = 0

28




Transfer matrix



So far, we assume the magnetic field does not have azimuthal
dependence like a cyclotron. However, rings like a synchrotron

have straight sections. For these rings, simple stability criteria
O< n < 1 does not work.

Now we introduce a transfer matrix. First we treat a vertical case.

y(s) = Ccos (gs + @)
¥
Vn Vn

y(s) = Ch cos —s + C5 sin —s
p p

30



s+ Co Sin@s
0

vn
0

y(s) = Cq cos
yo = y(0) = C4

0
e * \

sin \/ﬁs | C’g\/—ﬁ(:()s@s
0

T
R
0
y'(0) =
Ly/
V™

IN a matrix form

31



Similarly, in horizontal

@ 1= Me(s1]s0)7o yi = My(s1]s0)y0
\fjv/ Ta = My(s2|s1)x] v = My(s2]s1)yi
SO S1 52 = My(sa|s1)My(si|s0)to  y2 = My(s2|s1)My(s1]s0)y0
unit cell Ty = Ma(s2]s0)7 y2 = My(s2]s0)yo

for straight section
(xg))%(xo—l—%As):(l As)(x9>
L T 0 1 T

32



Stabllity criteria



For example, suppose the ring has 12-fold symmetry and acceleration
needs 1E6 turns. One can confirm if this ring is stable multiplying the
transfer matrix for one period 12E6 times.

Ty = MyZ, k=12E6

But it’s tiresome. ( Actually, easy for computers )

Stability criteria

ITrMIf 2

34



Let eigen value of M 4,

mi11 — A mi2

= (
a1 Mmoo — A

A — (M1 4+ ma2) A + (Mi1magy — miamar) = 0

Let eigen vectors ( é ) ( 77,

From the e.o.m.

2
a2 e = > a2 T o
2
gz T = 0 - o) fae e
¢ A _
352 ds?
d { d¢ dn
/ / / /
_ e — - | 7 S — O
77161 61 A 77050 50770 ds \77 ds ds )

constant
35



- mé& —&n =& — oo

s \4\\_.,/\

(ma11mo + maang)(ma1&o + ma2&l) — (m11&o + m12&)) (Ma1no + maang) = 10y — Eomp

m11moma21€§o0 + mi1momazéy + mianymaio + miz2ngmazéy
—m11§oM21M0 — m11§0m22776 — m12§6m21n0 — m12§6m22776
= m11m22(770§(/) - 50776) — m12m21(770§(/) — 5077(/))

= (Mm11mag — m12m21)(770§6 — 5077(/))

=o€ — €o”lo

A — (M1 4+ mag) A + (mi1mas — miamar) = 0

36



A\ — (mll —I—mQQ))\—I— 1=0

—(m11 + ma2) + 5\/(?7”&11 + mag)? — 4
1 1
= (m11 +ma2) — 5\/(77111 + ma2)? — 4
AaAp =1 Ag + Ap = M1 + Mmoo
Ay = e
Ap = e ¥

37



Arbitrary initial vector %o can be expressed using the linear combination of
eigenvectors ¢, i,

Jo = A&y + Bijy

After passing thru this cell N times,
§ = MNgy = AN Ey + Be Vi,

if wis real number, Nw  or e~ Nw becomes infinity when N—oo

Therefore w should be pure imaginary,

w =1
A, = ¢e*
Ap = e
Aa+Xp = et e

= 2cosp Aat+Ap =My + mao

Tr M| <2

38



Summary, so far

Equations of motion L
1 1 OB |
a:"+[—2—|— y]xzo 4
0 Bp Ox y AN
[
Yl — 1 0B, y =0 transfer ' v
Bp Ox points in
the phase
space
transfer matrix phase space

( z(s) > B COS 1p_”8 —Tp_n sin 1p_”s ( o >
:l?’(s) _V1l-n sin _\/1—”8 COS ﬂs 5136
o o 2
< Y(s) ) _ COS —‘/pﬁs —\/pﬁ sin —‘?3 ( Yo >
?/(5) ——\/pﬁ Sin —\/pﬁs COS —\//fs 3/(/)

stability criteria (ignoring resonances and higher order effects)

Tr M| <2
39



Strong (AG) focusing and
Courant Snyder variables



Discovery of the Principle of Strong Focusing

|\ J i From an analogy

(((CTh)E O of ordinary optics,
[ Y

B’:B’(;p,y) h /2 F: J1 I J2 J1/2
f2 = —f
_ £
FE

alternating gradient
magnet (combined
lens) system can

Even orbit is ——
fixed, beam size \ -
becomes large %4’:3 T provide strong

f ing force in
aswellas ——. OCusS g o_ce
Old Style Alternating Gradient Synchrotron bOth dlreCtlonS

"Weak" Focus Strong Focus

magnets.



Combined function magnet
Bend + focus / defocus

BM + QF BM + QD

Separate function magnet




piecewise solution ( transfer matrix )
(woe [2]-[04]02] R
w020 (2], =] et Tenn 112),
7
closed form solution

f Hill’s equation K(s) has a periodicity X

K(s) <0 [ T ] _ { cosh(vVKL) \/%sinh(\/fl,)
K ' Jout VK sinh(VKL)  cosh(VKL)

"+ K(s)r =0 K(s+C)=K(s)
Then, general solution is given by the form of
= A+\/B(s) cos[i)( a(s) = —%%
1+ a?

I\ 2
—[3”+K6—— 1+(ﬂ2)

\_ P W,




x " cos A, + asin Ay, b sin A, ] x

A wic L —~ sin A, cos A, —asin Ay, | | '
%(COS A + aq sin Av) \/ P12 sin Ay
M((sz[s1) =
_Ltonas sin Ay + M2 os A &(COS A — ao sin Av)
VB1 B2 VP1 B2 B> i

5 \/@ —siny  cosyY
° ds’ 1 ds
Y=, B e ) B
phase advance tune

44




Action-angle variable and
Courant Snyder invariant



Action angle variable in betatron oscillations

We start from linearized Hamiltonian to describe the betatron motion with action-angle variables.

1 1 1 By
Hin:_2 “2 4 Zp2,2 . 20 22
lin = 5P + 5Py + 5 +QB/0( y°)
We are looking at only in x direction.
harmonic oscillation betatron oscillation
1 1
H(z,p) = ;p* + jw’z” Lo 1/ Bi(s)\ 2
2 2 H = - — | h
P 5 | (s + — , )T
1 1
= 5192 + §K(5)$2
= acos(wt + ¢p) r = av/Bcos(vé(s)+0)
= — ' 1
aw sin(wt + ¢o) p o= o n6(s) +9) +acos(v(s) +0)

46



Introduce a new set of canonical variables (v, J).

harmonic oscillation betatron oscillation
—  a(J)cos ¢ r = a(J) \/Blcos(w)
= —a(J)wsing p = —a(J)ﬁ (sinvy + acos )
p = —wxtan ¢ p = —%(tanw—l—oz)
wa” Fi(e,9) = -2 (tant +a)
Fl(:v,¢):—7tan¢ Lz, ) = 25 an «
J _ _% _ wx2 1 . 8F1 o .”L‘2 1
B 0p 2 cos?¢ S = O 2B cos2p
- w—$2(1 + tan? 6) 27 2
o 22 : — %<1 + tan w)
1
N % (1 + w%z) = g5l + (Bp+az)]
= %(w%ﬁ +p°)

47



harmonic oscillation betatron oscillation

r = +/2J/wcos ¢ r = /2pJcosy
2J .
p=—v2Jwsin o p = - F[SIIM%LO&COS%D]
OH Fi B OF,
= HéN+5- = B+
1, 1 , 0 x* [(f
= 5P +2K(s)a§ +8526<2 tan v
- 1 ) 1 ) 332 6//_5/2 xZB/
> = §p —|—§K(s)a§ + 1 7 + 25 tan ¢

2 Q2 2 2 !
Hy = %p2+%K(S)az2+ﬁﬁ /2+;2(6 _2+‘25€ (ip+a)
I 5 1 5, o 5, «
— §p —|—2—52£U —|—2—52£E —|—Epa:
1 5, 1 a \?
- z—ﬁwa(pw)
- J
B

48



harmonic oscillation

0

: OH;
J —_— —_—— =
olo)
. OH4 B
b= Gy Ty
J = constant
¢ = wt+ ¢g
<

o

49

betatron oscillation

0H,

/ = — _ =
J = 50 0
w/ B OH, - 1 (5A.21)
aJ  B(s)
J = constant
1 5A.22)
Y = / / ds (
o B(s)
- =
2
4 s



If the motion is governed by linear
forces, area of ellipse is the same /
at every point in the ring.

e

T

A1)
7

m

A
|/ m

Courant Snyder invariant




Beta function



a(s2), B(s2) can be expressed using a(s;), B(s;) .

o = | =M1 My My Moy + MiaMoy  —Mia Moo
7 ], L M3, —2Mo1 Moo M2,

Why ? 2J is constant in the ring.
2J = yi2? + 201212 + o

2 / /12
= Yox5 + 200T2x5 + Box;

using transfer matrix

/
i) — Mlliljl -+ M12£l?1
/ /
5132 — M215171 -+ Mggibl
solve for x; and x’;
/
1 — MQQQEQ — M12372
/ /
5131 — —M21£C2 -+ M22£U2

52
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cos Ay, + asin A, Bsin A,
M (s2|s1) =
— sin A, cos A). — asin A,
M1 + Moo
A1), = arccos

My,
sin A,

My

sin A,
8 — _M11M21 M11M22 + M12M21 _M12M22

53

VB VBy (Vm)

D(m)

11:13:48 Thursday 19-Mar—98

£ N BN R ]
5 / \ RN / \\ //\ /1
N4 \ / N\ ~ 7 / ./
4 ,‘/\ \ / \/ \ // \/ \>\
. ’/ A / \ / /;\ / / AN
3 E N 7 \ / ~/ N Y, N ~]
N \_ \_
1]
- | | . | |
0 T T = T 1
[ /" \ ]
D} / i
2| /N ]
| P \ |
+ / \ {
[ / . 1
0 [ —~ ‘
— o I B ! . —
0 10 20 30 10 50
M= =yl
< ZZ 22 < ¢ 22, ZZ P
(] e By (] = By (a]a] e By (]
o oo oo oo oo oo o

How to draw Beta function

Check spec of every element in 1 period.
Concatenate transfer matrix for 1 period.

a, 8,7 at the start are determined.

Then, use the matrix in left to transform a,3,y.



100

80

B0

1
20

[w] =70 {[w] RTe3aqy3dbs “([w] xTe32q)jdbs

s[ml
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(w) {x eraq\hbs\+

s [ m]
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+\sqrt{\beta x} (m)

10

s [ ml

S/




el

ace_beta

(w) {x e1aq\}1ibs\+
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(w) {x eraq\hbs\+

s [ m]
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Off momentum orbit and dispersion function



Off-momentum particle

Particle with higher momentum
has a larger radius of curvature,
because it is hard to bend.

D(s): Dispersion function

Ax(s) = D(s)d
Ax'(s) = D'(s)0

61



VB

©My (m)

N,

wVBy (Vm)

K d d’

] N [ Ccli/ ] negative ¢ Bo(cosh /JK[L — 1) p\/j?’Bosinh VKL
mn 0 lBOLL ByL
e 2 P \/_ (& P
ositive —— By(1 —cos vV KL ——DBysin/|K|L
p pK 0( ) p\/? 0 ‘ ’

D D

in D’ — periodic D’
1 in 1 in

]

Initial values

D — M13(1 —M22)+M12M23 o M13(1 —COS(I)—I—CYSiH(I))—I—MggﬁSiH(I)
- - 2—M11 _M22 - 2(1—COS(I))
: )10 D - M13M21 —+ M23(]. — Mll) o —Mlg’y sin ® + Mgg(l —cos® — asin (I))

2—M11 —M22 - 2(1—COS(I))

QDX j
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Dipole error and COD (Closed Orbit Distortion)



_yD_x[m]

beta x, beta

X[ mm]

w /o dipole error

Launch the beam with

(X,x’) = (0.0 mm, 0.0mr).

Of course it goes straight with no
amplitude.




_yD_x[m]

beta x, beta

X [ mm]

[
[

LN
“n

10

“n

0 5 10 15 T 20 25 30
s[m]
It go'es craz&/ after detting the kick.
3

Launch the particle with

(x,x’) = (0.0 mm, 0.0 mrad )
0 5 10 15 20 25 30
g Ol OOy

65

Suppose there is a dipole error of
10 mad at QD.

n=xz/\/B
dn/di = za/\/B+2'\/B

Trajectory at every element of
the particle in the normalized

phase space.
0.008

0.006 |

0.004

0.002

0 F

dn / dy [m-1/2]

-0.002

-0.004 ¢

-0.006 }

_0008 1 1 1 L 1 1 1
-0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.008

n [m-1/2]




During 2 turns

X[ mm]

ol \ /\

5 F

0 \\j / .

10 1\/ \\V/

-15

20 b

-25 :
0 5 10 15 20 25 20
20—l Aol

s[m]

During 10 turns

x [ mm]

20

Trajectory at every element of

the particle in the normalized

phase

0.008

0.006 F

0004 +

dn / dy [m-12]

-0.006 ¢

-0.008

-0.008 -0.0

Trajectory at every element of

0.002 t

0 F

-0.004 ¢

space.

06-0.004-0002 0 0.002 0.004 0.006 0.008
n [m-1/2]

the particle in the normalized
phase space.

x * alpha / sqrt{beta_x} + x"/ sqrt{beta_x} [ rad.m™(1/2) ]

dn / dy [m-12]

1.01-0.0080.0060.0040.002 0 0.0020.0040.0060.008 0.01

606

1 [m-172)

X' [rad ]

Poincre plot at s=0

0.006

0.004

0.002

0%

-0.002 }

-0.004 }

-0.006

0

0.001

0.002

0003 0.004
x[m]

0.005 0.006



X' [rad ]

To see the closed orbit behavior, change the launched point.

0.006

0.004 |-

0.002

-0.002 ¢

0004 |-

-0.006

0 0.001

P

0.005

0002 0003 0004 0005 0.008
x[m]

oincre plot at s=0

0004 ¢

0.003 ¢

0002 ¢

0 F

-0.002 ¢

dn / dy [m-1/2]

-0.003 ¢

-0.004 ¢

-0.005 .

i f ".é
0001 | il £4

-0.001 | 4

-0.0050.0

040.0030.0020.001 0 0.0010.0020.0030.0040.005

1 [m-172)
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=
L]

In the case with a dipole error, closed orbit is distorted.
This is called COD (closed orbit distortion).
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M Is one turn transfer matrix at the point where the dipole
Kick O is located.

)+ (0)=(2)

COS 4 + < SIn [ Bsin

—ysin [ COS [t — asin i

= Jcospu—+ Jsinu
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(I— M)—l _ (I— eju)—l _ [ej,u/Q(e—J,u/Q o e—I—J,u/Q)]—l

= —(2Jsin ,11/2)_1(63‘]“/2)_1
_ 1 —Jp/2
2sin /2 Je
1

= J 2+ I si 2
2 Sll’l /,L/Q( COS ILL/ —|_ S111 lu’/ )

At the point of dipole kick, putting 27y = 4

v
:(I—M)_l(o): | ( | By cos v )
0 2sin Ty \ sSInwr — «q CcOS TV

The displacement x(s) at an arbitrary point s.

o(s) = DY oy s) - m

2sin v
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It the tune is closed to the integer, the
denominator tends to zero and COD
becomes infinity.




Quadrupole error and the half integer resonance



If the tune is closed to If the tune is closed to

half integer, the error half integer, quadrupole
dipole kicks from two error blows up the
consecutive orbital amplitude.
revolutions cancel each
other.

A X’ 4 X’

/3



1,97

1.8 ¢

U_y
‘ "
-

E T

2.8

2.3




100

50 F

x> (mm)

T il

Nu x = 2.50000
QX =0.00m-"

=100

Nux = 2.50000

x(mm)

100

x> (mm)

100

b0 F

ea i

=100

Nu x = 2. 5000O '
QX =0.01m-1-
=100 =60 X((:nm) G

100



Similar to the case of dipole error, M is one turn transfer matrix at
the point where the quadrupole error is located. Error is regarded
thin lens whose focal length is 1/k. Error free transfer matrix M, and
one with error M should be expressed as

I 0
Moo= M| L 7

| cos puo + a:sin g 3 sin g 1 0
—y sin L4 COS g — Q¢ SIN L4 —k 1

| coS [tg 4+ asin pg — kB sin g 3 sin g
B —~sin g — k(cos g — acsin pg)  €os g — asin g

2mvg = o and from the trace of M cos27v should be

1
COS 2TV = COS 2Ty — 51{5 sin 27

/6



expanding the left hand side with v = 1y + Av

COS 2TV = CO0S 2Ty — 2w Av sin 2wy
Therefor, the tune is shifted by quadrupole error by

1
Ay = —
g 47Tkﬁ

For the case that the tune Is closed to aninteger v +e

(27e)?

COS2MY = COS2TUY — 2mesin 2wy cos? 2

1
— §kﬁ(sin 2D + 2me cos 2mD)

= 1 —27°%€® — kfBme
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for the stable solution ( tune stays real ), the condition is
€ (6 + ﬁ) > ()
2T _

stop band

k1 kS
27

n—1/2 n n+1/2

/8



Resonance condition in an accelerator

1.3 F

1.8 F

1.7 F

1.6 F
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kvge +myy, =n

k,m,n are positive or negative integer

-
by dipole

k| + |m| = order

- Uy =1

order =1 ! Integer resonance

™

Vy =1

_J
Grder = 2 ! Halt-integer resonancg

by normal quadrupole

2V, =N

21/y:n

by skew quadrupole

B —|—Vy:'r)

I/CE
sum resonance

& — =0

2.b 2,7 2.8
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\_C: constant

- )

difference resonance

kex—l—ey:C y

_/

_

Grder = 3: Third-integer resonancg
by normal sextupole

vy =N, vy £ 2V, =N

by skew sextupole

Vy =N,2Wp TV, =N




How come non-linear is brought into the ring?

. To correct the chromaticity
Magnet imperfection

. To extract the beam blowing up the amplitude due to
the third-integer resonance.



Chromaticity

chromaticity is an aberration in the accelerator i.e. tune shift.

| £ (Ap/p, < 0)
£ (Ap/p,=0)
~ -1 f (Ap/p > 0)

g

H. Wiedemann, “Particle Accelerator Physics, Third Edition ““ , 2007, Springer&



Quadrupole magnet with field gradient of g gives the focusing force of K to the particle
with momentum of p and charge e.

0B, 1  eg
0r Bp p
for the particle with higher momentum by 4 p, replacingp — p +4p

K =

1 A
P  _ g ~ K| gk=2P

K —> K
p+ Ap 14 22 p

The focusing force is reduced by this amount. This can be regarded as quadrupole error.

-1 $BOAK (s =~ 4 § BOK

Av = %
p

¢ is called chromaticity and defined as

_ —iw j'{ B(s)K (s)ds
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tune shift = tune satisfies the resonance conditions—beam loss occurs — needs correction
using sextuple magnets

Ap/p >0 /\ focal length
A

Ap/ p . =()
M —

quadrupole
v Ap/p<0 sextupole 1 0’B 1
Ap }i - 20z2 Bp
Az (S ) =D (S ) ? | H. Wiedemann, “Particle Accelerator Physics, Third Edition ““ , 2007, Springer& b

12 Dchromaticity [ T DIRICHE D,

&= 4 $(25D(s) — K)Ba(s)ds

— 4 P = 25D(5)5, (5)ds
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After chromaticity correction, non-linearity reduces dynamic aperture
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Go back to FFAG



If you want to use fixed field in strong
focusing, you need reverse bending.

Inside the

IQ Y 4'! '“'ﬁ
'owe" B higher B

Outer radii the stronger B

field Reverse bend generates focusing
force in vertical direction.



Advantage of FFAG
Zero chromaticity

B(T)

2




Advantage of FFAG
Avoid resonance crossing
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Advantage of FFAG
Large dynamic aperture
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Non-linearity is included in main magnet and speed out wide and thin.



Advantage of FFAG

ERIT:Energy Recovery Internal Target
Thin target & energy recovering
I, K, n...
-No energy degradation
- reactions occur always at max. energy +
-Small destruction in the target __
- thin target -AE
.cf. m-— 70
. . . p,d,He...
-lonization cooling
- suppress the emittance growth Re-acceleration
- Effective long target +AE
)
L,=NXxI -—
Effective target thickness N :turn numbers -—
[ :thickness )8
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